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Continuing on concepts of stress in a continuum: 
 
Traction on an arbitrary plane with normal vector nv  
 

iijj nt σ=  

nt T vv
σ=  

This equation indicates that the normal stress on a plane with normal vector nv  is 
 

nnnt T
n

vvvv
σσ ⋅=⋅=  

 
Accordingly, the shear stress on a plane with normal nv  is 
 

( )nnnnntt TT
n

vvvvvvv
σσσστ ⋅−=−=ˆ  

 

nσ nv
τσ t

v

 
 

Force equilibrium (i.e. application of Newton’s law amF vv
=  to a continuum; also called 

balance of linear momentum) 
 

X
v

Vd vd

xv

uv
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uv  ––– displacement vector 
 

u
t
u &v
v
=

∂
∂

 ––– velocity vector 

 

u
t
u &&v
v
=

∂
∂

2

2

 ––– acceleration vector 

 

∫V Vu d&&vρ  ––– total inertia force on volume  (V Vm dd ρ= , ua &&v= ) 

 
Consider all the forces acting on the volume: 
 

St
S∫ d
v

 ––– total surface force on  V

∫V Vf d
v

 ––– total body force on  V

 
According to Newton’s law, 

∫∫∫ =+
VVS

VuVfSt ddd &&v
vv

ρ  

In index notation: 

∫∫∫ =+
V jV jS j VuVfSt ddd &&ρ  

The first term is 

∫∫∫ ==
V iijS iijS j VSnSt ddd ,σσ  (Divergence theorem) 

Thus 

( ) 0d, =−+∫V jjiij Vuf &&ρσ  

Since this is true for any volume V (e.g., we can shrink V to a point), the integrand must vanish 
every point in the continuum, 
 

jjiij uf &&ρσ =+,  

i.e. 

jj
i

ij uf
x

&&ρ
σ

=+
∂
∂

 

Compare this with the equation we derived earlier for the 1D case: uf
x

&&ρσ
=+

∂
∂
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Classical derivation of equilibrium equations for a continuum: 
 

Consider all the forces in the  acting on a small block of material shown below: 1x
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∂
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Summing up all the forces in  direction and applying Newton’s law, 1x
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∂
∂

+

ρσσσ
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. 

This leads to  

11
3

31

2

21

1

11 uf
xxx

&&ρσσσ
=+

∂
∂

+
∂
∂

+
∂
∂  

Similarly, 

22
3

32
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22

1

12 uf
xxx

&&ρσσσ
=+

∂
∂

+
∂
∂

+
∂
∂  
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∂
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∂
∂

+
∂
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i.e. 

jj
i

ij uf
x

&&ρ
σ

=+
∂
∂
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Moment equilibrium (Balance of angular momentum) 
 
Net moment of all forces should vanish at equilibrium 

∫∫∫ ×=×+×
VVS

VuxVfxStx ddd &&vvvvvv ρ  

In index notation: 

∫∫∫ =+
V kjiijkV kjiijkS kjiijk VeuxVefxSetx ddd v

&&
vv ρεεε  

Canceling kev  at both sides, 

∫∫∫ =+
V jiijkV jiijkS jiijk VuxVfxStx ddd &&ρεεε  

The first term is  

( )
( )

Vx

Vx

VxSnx

V ppjiijkijijk

V ppjipjipijk

V ppjiijkS ppjiijk

∫
∫
∫∫

+=

+=

=

d

d

dd

,

,

,

σεσε

σσδε

σεσε

 

Thus 

( )[ ]
0

0d,

=⇒

=−++∫
ijijk

V jjppjiijkijijk Vufx

σε

ρσεσε &&
 

 

1=k , 322332231 0 σσσσσε =⇒=−=ijij  

2=k , 133113312 0 σσσσσε =⇒=−=ijij  

3=k , 211221123 0 σσσσσε =⇒=−=ijij  

 
Therefore, balance of angular momentum states that stress tensor is symmetric, i.e.  

jiij σσ =  
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1

2

3

21σ

2xΔ
1xΔ

3xΔ

12σ

 
A simpler demonstration of symmetry of stress tensor: 

( ) ( )
2112

2312113212

σσ
σσ

=⇒
Δ⋅ΔΔ=Δ⋅ΔΔ xxxxxx

 

jjii nt σ=  

nnt T vvv
σσ ==  (σ  is symmetric) 

 
Eigenvalues of a matrix 

ξλξ
vv

=T  

This has a very clear meaning for stress tensors. The eigenvalues of a stress tensor are called 
principal stresses, corresponding to the normal stresses on planes with no shear stresses, i.e. 

nnt vvv
σσ ==  

There in general exist 3 principal stresses and 3 mutually orthogonal principal directions. 

Writing nn vv σσ =  in matrix form: 

0

3

2

1

332313

232212

131211

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−

n
n
n

σσσσ
σσσσ
σσσσ

 

For nontrivial solution of , nv

0

332313

232212

131211

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−

σσσσ
σσσσ
σσσσ

           (*) 

Let the solution to equation (*) be 321 σσσ ≠≠ , 

( ) ( )1
1

1 nn vv σσ =    (1) 
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( ) ( )2
2

2 nn vv σσ =    (2) 

 

( ) ( ) ( ) ( )21 12 ⋅−⋅ nn vv
 leads to 

( ) ( ) ( ) 021
21 =⋅− nn vvσσ  

which shows that, if 21 σσ ≠ , we must have ( ) ( ) 021 =⋅ nn vv
. Therefore, ( )1nv , ( )2nv  are 

orthogonal vectors, ( ) ( )21 nn vv ⊥ . Similarly, we can show ( ) ( )31 nn vv ⊥  and ( ) (32 nn )vv ⊥ . 
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