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Continuing on concepts of stress in a continuum:

Traction on an arbitrary plane with normal vector n

=on

—

This equation indicates that the normal stress on a plane with normal vector N is

o, =t-n=n-g'n

Accordingly, the shear stress on a plane with normal N is

Force equilibrium (i.e. application of Newton’s law F =ma to a continuum; also called

balance of linear momentum)
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0 — displacement vector
ou - .
— =U —— velocity vector
ot
0 .
——=U —— acceleration vector
atZ

Lpﬁdv — total inertia force on volume V (dm=pdV, a=0)

Consider all the forces acting on the volume:

L t dS — total surface force on V

L f dV — total body force on V

According to Newton’s law,

LtdS+L fdv :LpUdV
In index notation:

[tyds+[ fav =] pu,dv
The first term is
Ltj ds = L on, dS = L oy, dV  (Divergence theorem)

Thus

[ (o + 1, - pti Jav =0

Since this is true for any volume V (e.g., we can shrink V to a point), the integrand must vanish
every point in the continuum,

oyt T =pU;

oo,

ij

OX:

+fj = pU;

0 y
Compare this with the equation we derived earlier for the 1D case: 8_0 +f=pl
X
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Classical derivation of equilibrium equations for a continuum:

Consider all the forces in the X, acting on a small block of material shown below:

oo
OXq

i

yd oo
5 X —* > 2
011
Oy +—AX
0%, O34

1

011

Summing up all the forces in X, direction and applying Newton’s law,

ooy, oo
o, + AX, — 0., |[AXAX, +| T,y +—2
( 11 8X 1 llj 2 3 ( 21 ax

1

AX, — UZI]Axle3 +

2

[031 + 68031 AX; — 031JAx1Ax2 + fLAXAX,AX; = pAX AX,AX;U,
X3

This leads to

aall+ao-21 +80'31 +f, = pl,

0%,  OX, OX

Similarly,

doy, +5022 +8032 +f,=pl,

OX,  OX,  OXg

00y +8023 +80'33+ f, = pi,

oX,  OX,  OX

i.e.
Jo;; ..
™ + fl = pU;
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Moment equilibrium (Balance of angular momentum)

Net moment of all forces should vanish at equilibrium
L)‘(xt dS+LXx fdv :LXXpUdV
In index notation:
L gy X%it;€, dS +L gy X% T8 dV = .[V g XipU g dV
Canceling €, at both sides,
L gkt ds +.[Vgijkxi fj dv = L g Xip U, dv
The first term is
.[S &3 %0 5N, dS = L (gijkxiapj ) pd\/
= J.V Eijk (é]papj X0 Jov
= L £ 0 + €3 %0 . p NV
Thus
L [5ijkaij +5ijkxi(apjyp + f; —pl'jj)o\/ =0

= &;0; =0

k=1, €ij10ij =03 — Oy =0=>0, =0
k=2, E€ij20jj = 031 —Oq3 =0= 0y =0y,

k=3, Eij30ij =01y —0 =0=>o0,=0,

Therefore, balance of angular momentum states that stress tensor is symmetric, i.e.
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AX,

AX AX,

A simpler demonstration of symmetry of stress tensor:
(0,A%,A%, )- A%, = (0, A, AX, )- AX,

=0, =0y

,_..
Il

gTﬁ =gnN (o issymmetric)

Eigenvalues of a matrix

Té=a¢

This has a very clear meaning for stress tensors. The eigenvalues of a stress tensor are called
principal stresses, corresponding to the normal stresses on planes with no shear stresses, i.e.

t=ocn=o0n
There in general exist 3 principal stresses and 3 mutually orthogonal principal directions.

Writing o =o N in matrix form:

0, =0 Oy O3 n,
Oy Oyp—0O O n, =0
O3 O3 O3 —0 || Ny

0, =0 Oy O3
— *
Oy Op—0 oy |=0 *)
O3 O3 033 =0

Let the solution to equation (*) be o, # o, # 035,

c ﬁ(l) =0, ﬁ(l) 1)
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gﬁ(z) =0, ﬁ(z) )

@.1)-nY.(2) leadsto

o}

(0,—0,)a".A® =0
which shows that, if o, #0,, we must have n”.A® =0. Therefore, Y, A are

orthogonal vectors, A% 1 i, Similarly, we can show A® L A® and A® 1 A®.



