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CHAPTER 3
SYSTEMS OF PARTICLES

3.1 Introduction

By systems of particles | mean such things as a swarm of bees, a star cluster, a cloud of
gas, an atom, a brick. A brick is indeed composed of a system of particles — atoms —
which are constrained so that there is very little motion (apart from small amplitude
vibrations) of the particles relative to each other. In a system of particles there may be
very little or no interaction between the particles (as in a loose association of stars
separated from each other by large distances) or there may be (as in the brick) strong
forces between the particles. Most (perhaps all) of the results to be derived in this
chapter for a system of particles apply equally to an apparently solid body such as a
brick. Even if scientists are wrong and a brick is not composed of atoms but is a genuine
continuous solid, we can in our imagination suppose the brick to be made up of an
infinite number of infinitesimal mass and volume elements, and the same results will

apply.

What sort of properties shall we be discussing? Perhaps the ssmplest one is this. The
total linear momentum of a system of particlesis equal to the total mass times the velocity
of the center of mass. Thisistrue, and it may be “obvious’ — but it till requires proof. It
may be equally “obvious’ to some that “the total kinetic energy of a system of particlesis
equal to 1 MV?, where M isthe total massand v isthe velocity of the center of mass’ —

but this one, however “obvious’, is not true!

Before we get round to properties of systems of particles, | want to clarify what | mean
by the moment of a vector such as a force or momentum. Y ou are already familiar, from
Chapters 1 and 2, with the moments of mass, which is a scalar quantity.

3.2 Moment of a Force
First, let's ook at a familiar two-dimensional situation. In figurell1.1 | draw aforce F

and apoint O. The moment of the force with respect to O can be defined as
Force times perpendicular distance from O to the line of action of F.

FIGURE I11.1



Alternatively, (figure111.2) the moment can be defined equally well by
Transverse component of force times distance from O to the point of application of the
force.

FIGURE I11.2

Either way, the magnitude of the moment of the force, also known as the torque, is
rFsin®. We canregard it as a vector, 1, perpendicular to the plane of the paper:

T=rxF. 3.2.1

Now let me ask a question. Isit correct to say the moment of a force with respect to (or
“about™) apoint or with respect to (or “about”) an axis?

In the above two-dimensional example, it does not matter, but now let me move on to
three dimensions, and | shall try to clarify.

In figure I11.3, | draw a set of rectangular axes, and aforce F, whose position vector with
respect to the originisr.

FIGURE 111.3




The moment, or torque, of F with respect to the origin is the vector

T=rxF. 3.2.2

The x-, y- and z-components of T are the moments of F with respect to the x-, y- and z-
axes. You can easily find the components of t by expanding the cross product 3.2.2:

© = x(yF, - ZF,)) + §(zF, - xF,) + 2(xF, - yF,), 323
where x,y,z are the unit vectors along the x, y, z axes. In figure I11.4, we are looking

down the x-axis, and | have drawn the components Fy and F,, and you can see that,
indeed, v = YF, — ZF, .
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FIGURE I11.4

The dimensions of moment of a force, or torque, are ML?T 2, and the Sl units are N m.
(It is best to leave the units as N m rather than to express torque in joules.)

3.3 Moment of Momentum

In asimilar way, if a particle at position r has linear momentum p = mv, its moment of
momentum with respect to the origin is the vector 1 defined by

I=rxp, 331



and its components are the moments of momentum with respect to the axes. Moment of
momentum plays a role in rotational motion analogous to the role played by linear
momentum in linear motion, and is also called angular momentum. The dimensions of

angular momentum are ML*T . Several choices for expressing angular momentum in Sl
units are possible; the usual choice is Js (joule seconds).

3.4 Notation

| am going to establish the following notation for the purposes of this chapter, with
respect to a system of particles. | shall suppose that we have n particles, and that the
mass and position vector with respect to some origin of the ith particlearem and r;. The

total massis M = Zm, where the sum is understood to be over al particles—that is, i
goesfrom 1ton.

A given particle may have an external force F; acting upon it. (It may, of course, have
several external forces acting on it, but | mean by F; the vector sum of al the external
forces acting on the ith particle.) It may also interact with the other particles in the
system, and consequently it may have internal forces Fj; acting upon it, where j goes
from 1 to n except for i. | define the vector sumF = ZFi as the total externa force

acting upon the system. The externa torque with respect to the origin of the external
force F; ontheith particleis t,=r, x F, .

| establish the following notation:

Total external torque on the system with respect to the origin:

r=2‘ci :ZrixFi. 34.1

The linear momentum of the ith particle is p; = myv; and the total linear momentum of the
systemis

P=>p =D my. 3.4.2
Thetotal angular momentum of the systemis

L=Z:li =Zrixpi. 34.3
Thetotal kinetic energy of the systemis

T=1>mv’. 344



(We are dedling in this chapter with “particles’, whose kinetic energy is entirely
trandational, and does not include kinetic energy of rotation or of vibration. The symbol
T, rather than K, istraditionally used for kinetic energy in advanced works on mechanics.
| am not sure why thisis; perhaps it is because U or V are used for potential energy. By
all means use K if you prefer.)

Position vector of centre of mass (see Chapter 1, especially equation 1.1.3):

F=¥=Xi+ 5+ 75 345

Here the bar denotes centre of mass, and the “hats’ denote unit vectors.
For the velocity of the centre of mass | may use either r or v.

Oisanarhitrary origin of coordinates. C isthe centre of mass.

For position vectors, unprimed single-subscript symbols will refer to O. Primed single-
subscript symbols will refer to C. Thiswill be clear, | hope, from figure I11.5, which will
also explain the symbols with two subscripts. In the figure | have drawn just two of the
n particles —the ith and the jth.

]l

FIGURE I11.5

Note that r ! 3.4.6
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and therefore F=T+7 3.4.7
that isto say V,=V+ V. 3.4.8
Note also that > mr =0 3.4.9
Note further that

dmyvi =Y m(v, —v)=>my, -v> . m =Mv-vM =0. 3.4.10

That is, the total linear momentum with respect to the centre of massis zero.

Having established our notation, we now move on to some theorems concerning systems
of particles. It may be more useful for you to conjure up a physical picture in your mind
what the following theorems mean than to memorize the details of the derivations.

3.5 Linear Momentum

Theorem: The total momentum of a system of particles equals the total mass times the
velocity of the centre of mass.

Thus: P=>mv,=>mFE+v])=Mv+0. 35.1

3.6 Force and Rate of Change of Momentum

Theorem: The rate of change of the total momentum of a system of particles is equal to
the sum of the external forces on the system.

Thus, consider a single particle. By Newton’'s second law of motion, the rate of change
of momentum of the particleis equal to the sum of the forces acting upon it:

b, = F +F, (i +i) 36.1
j

Now sum over al the particles:

PZZE +ZZF” G =i)
=F +%ZZFH + %ZZFU‘



=F+ %ZZ(FH +F; ) 3.6.2
i
But, by Newton’s third law of motion, F; +F; =0, so the theoremis proved.

Corollary: If the sum of the external forces on a system is zero, the linear momentum is
constant. (Law of Conservation of Linear Momentum.)

3.7 Angular Momentum

Notation: L= angular momentum of system with respect to centre of mass C.

L = angular momentum of system relative to some other origin O.
r = position vector of C with respect to O.

P = linear momentum of system with respect to O.

(The linear momentum with respect to C is, of course, zero.)

Theorem: L = L. +rxP. 371
Thus: L =Yrxp =Y mrxv)=>YmE+r)x@+v,)
(fo)Zm + fxsz'i + (Zmr'i )XV + Zr'i xp;

= M(FxV)+rx0+ 0xV + L.

L =L.+rxP.

Example. A hoop of radius a rolling along the ground (figure 111.6):

~__ _~Sp-=vVla

O
FIGURE 111.6



The angular momentum with respect to C is L¢c = lco, where I¢ is the rotational inertia
about C. The angular momentum about O is therefore

L=lco +Mva = lcw + Ma’e = (lc+ Ma%) = lo,

where| = Ic + Ma? isthe rotational inertia about O.

3.8 Torque

Notation: t. = vector sum of all the torques about C.

t = vector sum of al the torques about the origin O.
F = vector sum of all the external forces.

Theorem: T = 1. + rxF. 38.1
Thus: T = Zrixmvi = Z(r'i+F)xmvi

= Zr'ixm\'fi + FmeVi.

3.9 Comparison

At this stage | compare some somewhat similar formulas.

L =L, + rxP T =1 + rxF
L = Zmri XV, T =Z:mri><\'/i
L.= Z:mr'ixv'i r':Zmr'ixVi

P = vai FZZmVi

3.10 Kinetic energy

We remind ourselves that we are discussing particles, and that all kinetic energy is
trandational kinetic energy.

Notation: T, = Kinetic with respect to the centre of mass C.
T Kinetic with respect to the origin O.

Theorem: T=T,+iMV2 3101
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us:
=13 mv? + V. my +40 ) m
T =T, + LMV2.

Corollary: If v=0, T =T.. (Think about what this means.)

Corallary: For anon-rotating rigid body, T, =0, and therefore T = 1 Mv2.
(Think about what this means.)

3.11 Torgue and Rate of Change of Angular Momentum

Theorem: The rate of change of the total angular momentum of a system of particlesis
equal to the sum of the external torgues on the system.

Thus: L = > rxp, 3111
L=>Jxp + )rxp. 3112

But the first term is zero, because r, and p, are parallel.

Also p =F + ) F,. 3.11.3
j
L = Zri ><(Fi + ZF“J = Zri xF + Zri szii
i j i i j
= Zri xF + ZZI} xF; .

i i j

But > > F, = 0by Newton'sthird law of motion, andso > > "r, xF; i also zero.
i j i j

Also, >'r xF, = 1,and sowearriveat

L =1, 3.11.4

which was to be demonstrated.
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Corollary: If the sum of the external torques on a system is zero, the angular momentum
isconstant. (Law of Conservation of Angular Momentum.)

3.12 Torque, Angular Momentum and a Moving Point

C 1

all
ﬁ

|
Py

FIGUREIII.7

In figure I11.7 | draw the particle m, which is just one of n particles, n — 1 of which |
haven't drawn and are scattered around in 3-space. | draw an arbitrary origin O, the
centre of mass C of the system, and another point Q, which may (or may not) be moving

with respect to O. The question | am going to ask is; Does the equation L =t apply to

the point Q? It obviously doesif Q is stationary, just asit appliesto O. But what if Q is
moving? If it does not apply, just what is the appropriate relation?

The theorem that we shall prove —and interpret — is

Lo =1o + Mryxiy. 3121
We start: L, = Z(r, — 1o )x [m (v, —VQ)]. 3122
Lo = > (5 —rg)xm (v, = Vo) + Y (f —ky)xm (v, —v) . 3.123

The second termis zero, because r = v.



11

Continue:
Lo = D (r—rg)xmyv, = > mr x Vg + > Mryx v, 3.12.4
Now mv, =F,, sothat thefirst termisjust tq.

Continue:

Lo=14— Zmri XVq + Mrgx v,
=Tq — Mr><rQ + MerrQ

= 1o + M(ry—T)xiy,.
Lo =14 + Mryxiy. Q.ED. 3125
Thusin general, Ly, # 1, but L, = t, under any of the following three circumstances:
I. ry =0 - thatis, Qcoincideswith C.
ii. 1, =0 - thatis, Qisnot accelerating.

ii. ¥, and rg areparalel, which would happen, for example, if O werea

centre of attraction or repulsion and Q were accelerating towards or away
from O.

3.13 The Virial Theorem

First, let me say that | am not sure how this theorem got its name, other than that my
Latin dictionary tells me that vis, viris means force, and its plural form, vires, virium is
generally trandated as strength. The term was apparently introduced by Rudolph
Clausius of thermodynamics fame. We do not use the word strength in any particular
technical sense in classical mechanics. We use the word energy to mean the ability to do
work; perhaps we could use the word strength to mean the ability to exert a force. But
enough of these idle speculations.

Before proceeding, | define the quantity
I => mr? 3.13.1

as the second moment of mass of a system of particles with respect to the origin. As
discussed in Chapter 2, mass is (apart from some niceties in general relativity)
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synonymous with inertia, and the second moment of mass is used so often that it is nearly
always called simply “the” moment of inertia, as though there were only one moment, the
second, worth considering. Note carefully, however, that you are probably much more
used to thinking about the moment of inertia with respect to an axis rather than with
respect to apoint. This distinction is discussed in Chapter 2, section 19. Note also that,
since the symbol | tends to be heavily used in any discussion of moments of inertia, for
moment of inertia with respect to a point | am using the symbol | not in italics.

| can also write equation 3.13.1 as
| = Zm (r-r) 3.132

Differentiate twice with respect to time:

I =2) m(r,.K), 3.13.3
and =2 m(@?+r, .¥) 3.13.4
or [ =4T + 2> r.mi, 3.135

where T is the kinetic energy of the system of particles. The sums are understood to be
over al particles-i.e. i from 1ton.

mt. isthe force on theith particle. 1 am now going to suppose that there are no external

forces on any of the particles in the system, but the particles interact with each other with
conservative forces, Fjj being the force exerted on particlei by particlej. | am also going
to introduce the notation r; = r; —r;, which is a vector directed from particle i to

particlej. The relation between these three vectorsin shown in figure [11.8.

FIGURE I1.8

Origin
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| have not drawn the force Fj;, but it will be in the opposite direction to rji if it is a
repulsive force and in the same direction asrj; if it isan attractive force.

The total force on particle i is ZF”, and this is equal to mr,. Therefore, equation
j#i

3.13.5 becomes

[=4T + 2>’ 1. ) F,. 3.13.6

j#i

Now it is clear that

DILTDN IEDIPM Y 3137

j#i ij<i

However, in case, like me, you find double subscripts and summations confusing and you
have really no idea what equation 3.13.7 means, and it by no means at al clear, | write it
out in full in the case where there are five particles. Thus:

Zri ZFU = 1.(F, + By + F, + F;)
i

=i

r,-(Fy + Fp + Fyy + Fy)
;- (Fyy + Fyp + Fy + Fy)
r,.(F, +F, +F,+F,)
r..(F, + F, + F, + F,,).

+ + + +

Now apply Newton’sthird law of motion:

Zri ZF” = n.(-F, -F,; -F, - F)

=i
+ 1,.(Fy - Fy, - F, - F,)
+ 1y (Fy + Fy, — Fpy — Fy)
+ 1. (Fy + F, + Fig - Fy)
+r.(F, + F, + F; + F,)).

Now bear in mind that r, — r; = r,,, and we see that this becomes
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Zri 'ZFii = Fyer,+ Fyery + Fyer, + Ferg)
i

j#i
+ Foery, + Fppery, + Foer,
+ Fper+ Foerg

+ Ferg,

and we have arrived at equation 3.13.7. Equation 3.13.6 then becomes

[ =47 + 2> >'r,.F,. 3138

i<

| now suppose that the forces between the particles are gravitational forces, such that

L. 3.13.9

Now

Gmm. Gmm.
r...F.. = — m Jr...r.. = — m J,
ij ij

3.13.10

which is the mutual potential energy of particlesi and j. In the summation of equation
3.13.6, each pair has been counted once, and so the double summation is the total
gravitational potential energy of the system of particles. Thus equation 3.13.6 becomes

| = 4T + 2U, 3.13.11

where T and U are the kinetic and potential energies of the system. Thisis one statement
of the virial theorem for a system of gravitating particles.

Of course, as the individual particles move around in the system, I, T and U are all
changing from moment to moment, but always in such a manner that equation 3.13.11 is
satisfied.

In a stable, bound system, by which | mean that, over along period of time, there is no
long-term change in the moment of inertia of the system, and the system is neither
irreversibly dispersing or contracting, that is to say in a system in which the average
value of | over along period of timeis zero (I'll define “long” soon), the virial theorem
for astable, bound system of gravitating particles takes the form

2(T)+(U)= 0. 31312
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Here the angular brackets are understood to mean the average values of the kinetic and
potential energies over along period of time. By a*“long” period we mean, for example,
long compared with the time that a particle takes to cross from one side of the system to
the other, or long compared with the time that a particle takes to move in an orbit around
the centre of mass of the system. (In the absence of external forces, of course, the centre
of mass does not move, or it moves with a constant velocity.)

For example, if a bound cluster of stars occupies a spherical volume of uniform density,
2

the potential energy is —

(see equation 5.9.1 of Celestial Mechanics), so the virial

theorem (equation 3.13.7) will enable you to work out the mean kinetic energy and hence
speed of the stars. A globular cluster has roughly spherical symmetry, but it is not of
uniform density, being centrally condensed. If you assume some functional form for the
density distribution, this will give a dlightly different formula for the potential energy,
and you can then still use the virial theorem to calculate the mean kinetic energy.

A trivial example is to consider a planet of mass m moving in a circular orbit of radius a

around a Sun of mass M, such that m<<M and the Sun does not move. The potential
2

energy of the systemisU = —-GMm/a. The speed of the planet is given by equating m

to %zm , fromwhich T = GMn/(2a), so we easily seein thiscasethat 2T + U = 0.
a

Problem. Show that if the force between the particles is an attractive force proportional
to the nth power of the distance between the particles, the virial theorem for a stable,
bound system takes the form

2(T) —(n+1) (U) = 0.

For gravitating particles, n = -2, so that, in that case, this equation reduces to equation
3.13.12. To make a start with this problem, you can start with equation 3.13.8. Assume
that F; = —krij"*lrij and work out what is the mutual potential energy of two particles a

distance r;; apart.



