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CHAPTER 7
PROJECTILES

7.1 No Air Resistance

We suppose that a particle is projected from a point O at the origin of a coordinate system,
the y-axis being vertical and the x-axis directed along the ground. The particle is projected in
the xy-plane, with initial speed Vy at an anglea to the horizon. At any subsequent timein its
motion its speed is V and the angle that its motion makes with the horizonta isy .

The initial horizontal component if the velocity is Vo cos a, and, in the absence of air
resistance, this horizontal component remains constant throughout the motion. | shall aso
refer to this constant horizontal component of the velocity asu. I.e.u=Vycosa = constant
throughout the motion.

The initial vertical component of the velocity is Vo sin a, but the vertical component of the
motion is decelerated at a constant rate g. At a later time during the motion, the vertical
component of the velocity isV siny , which | shall also refer to as v.

In the following, | write in the left hand column the horizontal component of the equation of
motion and the first and second time integrals; in the right hand column | do the same for the
vertical component.

Horizontal. Vertical

Xx=0 y=-g9 7.1.1ab
X=u=V, cosa y=v=V,d9na- gt 7.1.2ab
X =V,tcosa y=Vtsna- igt? 7.1.3ab

The two equations 7.1.3a,b are the parametric equations to the trgectory. In vector form,
these two equations could be written as a single vector equation:

r =Vt +1gt®. 714
Note the + sign on the right hand side of equation 7.1.4. The vector g is directed downwards.

The xy-equation to the trgjectory is found by eliminating t between equations 7.1.3a and
7.1.3btoyield:

2

ox

_ 7.1.5
V7 cos’ a

y =Xxtana -



Now, re-write this in the form

Add to each side (half the coefficient of x) in order to "complete the square” on the left hand
side, and, after some algebra, it will be found that the equation to the tragjectory can be written
as:

(x- AY = - 4a(y-B), 7.16
2 - 2 =
where A= V, dna cosa _ V, 9n2a , 217
g 29
2 2
B = \m, 7.1_8
29
2
ad a-= M. 7.1.9
29

Having re-arranged equation 7.1.5 in the form 7.1.6, we see that the trgectory is a parabola
2 .
whose vertex is at (A, B). The range on the horizontal plane is 2A, or Vo Sn2a. The
greatest range on the horizontal plane is obtained when sin 2a = 1, or a = 45°. The greatest
range on the horizontal plane is therefore VZ/g. The maximum height reached is B, or
V,sn"a V7 cos’a
29

ground if this is less than the maximum height, and below ground if it is greater than the
maximum height. That is, the focus is above ground if cos’a <dn®a. That isto say, the
focus is above ground if a > 45° and below ground if a < 45°.

The distance between vertex and focus is a, or - The focus is above

Theradius of curvaturer anywhere along the trgjectory can be found using the usual formula

2\
r = % At thetop of the trgectory, y =0, sothat r = 1/y'. Alternatively (in case one

has forgotten or is unfamiliar with the "usua formula'), we note that the speed at the top of
the path is just equal to the (constant) horizontal component of the velocity V, cosa. We can

then equate the centripetal acceleration (VO2 cos’alr ) to g and hence obtain:

. V,’cos’ a
g

7.1.10
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By subtracting this from our expression for the maximum height of the projectile, we find
V2({L- 3cos’a)
29

that the height of the centre of curvature above the ground is - The centre of

curvature is above ground if a > 54° 44",

The range r on a plane inclined at an angle g to the horizontal can be found by substituting

x=rcosq and y=rdnq in the equation 7.1.5 to the trgjectory. This results, after some
algebra, in

2

r=—-2

pp— [sn(2a - q)- sng] 7.1.11

This is greatest when 2a - g = 90°; i.e. when the angle of projection bisects the angle
between the inclined plane and the vertical. The maximum range is

VA

_ 7.1.12
g(l+snq)

r =

This is the equation, in polar coordinates, of a parabola, and this parabola, when rotated
about its vertical axis, describes a paraboloid, known as the paraboloid of safety. It is the
envelope of all possible trajectories with an initial speed Vo. If a gun is firing shells with
initial speed Vo , or alawn sprinkler is gjecting water at initial speed Vo, you are safe as long
as you are outside the paraboloid of safety. Figure VI1.1 shows trgjectories for a = 20, 40,
60, 80, 100, 120, 140 and 160 degrees, and, as a dashed line, the paraboloid of safety. Notice
how the range changes with a and that it is greatest for a = 45°.
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Problem.

A gun projects a shell, in the absence of air resistance, at an initial angle a to the horizontal.
The speed of projection varies with angle of projection and is given by

Initial speed =V, cosia.

Show that, in order to achieve the greatest range on the horizontal plane, the shell should be
projected at an angle to the horizontal whose cosine c is given by the solution of the equation

x*+2c-2c-1=0.

Find the optimum angle to a precision of one arcminute.

7.2 Air resistance proportional to the speed.

As in the previous section, | shall write the x-component of the equation of motion, and of the
first and second time integrals, in the left hand column, ard the y-component in the right-hand
column. The x-component of the air resistance per unit massis gx and the y-component is gy.

Here g is the damping constant, defined in Chapter 6, section 3. The x- and y-components of
the initial velocity are, respectively, Vo cos a and Vp 9n a. It should be readily seen that the
equations of motion and their time integrals are as follows:

Horizontal Vertical
=- gX =-g-qy 7.2.1a,b
X=u=V,cosa.e ? y=v=V,snae®-v({l-e%) 722ab

wherev=g/g

X=Xy (1- e'g) yzé(\/os'n a+\7)(1- e'gt)- vt 7.2.3ab

V, cosa
where x, =2

(In case it is not "readily seen”, for the horizontal motion refer to Chapter 6, section 3,
especially equations 6.3.2, 6.3.3 and 6.3.5, and for the vertical motion refer to Chapter 6,
section 3b, especialy equations 6.3.24, 6.3.25 and 6.3.27.) It will be seen that, as t ® ¥,

U® O,v® -v, x® x,. The xy-equation to the trajectory is the t-eliminant of equations
6.2.3aand 6.2.3b. After asmall amount of algebrathisis found to be:
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V,dna+v) Vv & 0
y = AVosna+v) v, a& x0 7.24
VO cosa g g X¥ ﬂ
Thisisillustrated in figure VI1.2.
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The range on a horizontal plane isfound by setting x = 0, to obtain either
x = - Aln{l- x/x,) 7.2.5
or X = Xy (1- e X’A), 7.26
WV, cosa

where A= - ="
ayosn a+vi



Example. Suppose Vo=20ms?
a =50
g =98ms?

g =196s’ { v=5ms?)
Then A =161387065 m
and X, = 6.55905724 1.
Try to find the range on the horizontal plane, using either equation 7.2.5 or 7.2.6, to nine
significant figures. Which equation works best? NewtonRaphson may fall with a stupid first
guess - but it should not be difficult to make afairly intelligent first guess. | should not tell you,
but figure V11.2 was calculated using the data of this example.
7.3 Air resistance proportional to the square of the speed.
Notation: V is the velocity, V is the speed. The horizontal and vertical components of the
velocity are, respectively, u =x =Vcosy andv =y =Vdny. Herey isthe angle that the
instantaneous velocity V makes with the horizontal.  The resistive force per unit mass is kV?.
The horizontal and vertical components of the resistive force per unit mass are kV? cosy and k\V?

sny respectively. The launch speed is Vo and the launch angle (i.e. the initial value of y)isa.
Distance travelled from the launch point, measured along the trgjectory, is s, and speed V=¢.

The equations of motion are:
Horizontal: % = - kV? cosy 7.3.1
Vertical: y =- g- kv?dny. 7.3.2

These cannot be integrated as conveniently as in the previous cases, but we can get a simple
relation between the horizontal component u of the speed and the intrinsic coordinate s. Thus,
when we make useof X =u, V=¢ and V cosy =u, equation 7.3.1 takes the form

u = - kus 7.3.3
Integration, with initial condition u =V, cosq, yields

u=V,cosa.e . 734



7

We can also obtain an exact explicit intrinsic equation to the trgjectory by consideration of the
normal equation of motion.

The intrinsic equation to any curve is a relation between the intrinsic coordinates (s, y). The
rate at which the slope angle y changes as you move along the curve, i.e. dy /ds, is called the
curvature at a point along the curve. If the dopeis increasing with s, the curvature is positive.
The reciprocal of the curvature at a point, ds/dy , isthe radius of curvature at the point, denoted
hereby r.

The normal equation of motion is the equation F = ma applied in a direction normal to the curve.
The acceleration appropriate here is the centripetal acceleration V /r or V %dy /ds.

In a direction normal to the motion, the air resistance has no component, and gravity has a
component -g cos g. (It is minus because the curvature is clearly negative) The normal
equation of motion is therefore

Vzd—y = - gcosq. 7.35
ds
- ks
But v=_U _ Vecosae 236
cosy cosy
Therefore VZcos’a.e st(:lj—y = - gcos’y. 7.3.7
<

Separate the variables, and integrate, with appropriate initial conditions:

V. 3 _ g S 2ks
QSEC dy =- ———€"“ds. 7.3.8
Y A cos’a 9

From here it is good integration practice to show that the intrinsic equation is

secy tany - secatana + IngseCy tlany ¢ _ 9 (1 ez"s). 7.3.9

éseca +tana g kVZcos’a
This equation is of the form
secy tany + In(secy +tany) = A - Be?® 7.3.10

While it would be straightforward now to compute sas afunction of y and hence to plot a graph
of sversusy , we really want to show y asafunction of x, and x and y as afunction of time. | am
indebted to Dario Bruni of Italy for the following analysis.
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Let (X1, Y1) be apoint on the trgjectory. When the projectile moves a short distance Ds, the new
coordinates will be (X2 y»), where

X, = X + Dscosy, 7311
and Y, =Yy, + Dssny,, 7.3.12
provided that Ds is taken to be sufficiently small that the path between the two points is

approximately astraight line. The calculation startswith x; =y; =0andy =a. At each stage of

the calculation, the new value of y can be calculated from equation 7.3.10. This can be done
easily, for example, by Newton-Raphson iteration, since the derivative of the left hand side of the

equation with respect to y is just 2sec®y . Thus, with a sufficiently small interval Ds, the shape
of the trajectory can be built up point by point.

While this gives us the shape of the trgectory, it tells us nothing about the time. To do this, we
can write the equations of motion, equations 7.3.1 and 7.3.2 in the forms

X = - ki 3C + Y2 7.3.13
ad V= -0 - ky /x> + V2. 7.3.14

Let (X1, y1) be a point on the trgectory. After a short time Dt, the new coordinates will be (x2
y2), where

X, = % + %Dt +1%(Dt)’ 7.3.15
and Y, =Y, + ¥.Dt + 3 ,(Dt)*, 7.3.16

provided that Dt is taken to be sufficiently small that the acceleration between the two instants of
time is approximately corstant. Also, the new velocity components are given by

X, = % + XDt 7.3.17
and y, =y, + y,Dt. 7.3.18
The calculation starts with
x=V,cosa, y=V,dna, %=-KkV/cosa, y=-g- kV’sna,

and after each increment Dt the new coordinates and velocity and acceleration components are
calculated. The results of Sr Bruni’s calculations are shown in figure VI1.3 for
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k =0.0177 m*, V,=90.5ms*, a =60°, g =9.8ms?

FIGURE V1.3
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Plotted with step by step method from intrinsic equation with Ds= 0.025 m.

Horizontal range 79.0 m; maximum height 62.4 m. Total flight duration 7.1 seconds.

The time taken to reach the maximum height is 2.8 seconds, so the descent time is longer than
the ascent time.

An aternative approach has been given by Ambrose Okune, of Uganda. In Okune's analysis, he
obtains explicit expressions for t, x and y in terms of the angley . (In equation 7.3.10 we already
have arelation between sandy .)

We start with equation 7.3.1, the horizontal equation of motion

% = - kV?cosy = - kVV cosy. 7.3.19

Now X =u, V =.u®+v?, and Vcosy = u, sothat

U= - kuju? +v2, 7.3.20
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Similarly, equation 7.3.2, the vertical equation of motion, is

y=-g- kv’dny =-g- kvVVsdny,

and, with y =v, V =u? +v?and Vsny =v, this becomes

Now

V=-g-kvu?+v?.
_:d_V:\L-{- g

Also v = utany , sothat

dv , dy
— = tany + usec’y —.
du y y du

On comparison of equations 7.3.23 and 7.3.24, we see that

= = usec’y dy .
Ku/u® +v

Upon substitution of v = utany, thisbecomes

and hence

g _ 3. dy
—_— = % —_
ku® y du

%dﬁdu = Cpec’y dy.

Upon integration, we obtain

9

g

— + In(secy +tany) + secy tany = A = — + In(seca +tana) + secatana.

u2

From this, we obtain

2
0

g 1

k JJA- In(scy +tany) - secy tany

7321

7.3.22

7.3.23

7.3.24

7.3.25

7.3.26

7.3.27

7.3.28

7.3.29
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and hence

v = P teny . 7.3.30
k JA- In(scy +tany) - secy tany

Thus we now have the velocity components explicitly in terms of the angley .
For smplicity, let us write
| = A-In(sscy +tany) - secy tany. 7.3.31

Then the equations for the velocity components are

_ 191
u= 2 L 7.3.32
k I

tany
and vV = \/g— 7.3.33
k VT
Inthelimit,as u® 0, y ® - 90°, y ® - ¥,the motion approaches a vertical asymptote. As
y® -90°%1 ® -secytany, and hence Lim tanTy =-1. Thus the limiting value of the
y ® -90°

vertical component of the velocity is - \/% . This agrees precisely with what one would expect

for a body falling vertically at terminal speed, with resistance proportional to the square of the
speed (see equation 6.4.5).

We now aim to find an expression relating y to t, which we do by noting that

du du

dy _dt _ _dt

dt_d_u_@i' 7.3.34
dy d dy

The derivative du/dt can be found from the horizontal equation of motion % = - kV?cosy ,
which can be written (because u =V cosy and X =u) as U = - ku?secy. Then, making use of
equation 7.3.32, we obtain
W Gy, 7.3.35
dt I

The derivative du/ dl can be found from equation 7.3.32 and is
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du 1(g 1
— = 2. 7.3.36
d 2\ k 1%2
The derivative dl /dy can be found from equation 7.3.31 and is
a _. 2sec’y . 7.3.37
dy
Thus the relation we seek is
N - ok cos?
o ﬁ | cos“y. 7.3.38

If the initial motion of the projectile at time zero makes an angle a with the horizontal, then
integration of equation 7.3.38 gives the following expression for the subsequent time t when the
motion makes an angley with the horizontal.

dy

1 a
t = e - 7.3.39
Jok NS cos’y
Also u = o = %d_y With u and & given respectively by equations 7.3.32 and 7.3.38,
d dy dt dt
we obtain
x__ 1 7.3.40
dy Kl cos’y
from which we can calculate x asafunction of y :
x =X $ ¥ 7.341
k¥l cos”y

Further, v = & = d_yd_y With v and & given respectively by eguations 7.3.33 and
dt dy dt dt
7.3.38, we obtain

dy _ tany

- =, 7.3.42
dy kl cos”y

from which we can calculate y as afunction of y :
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1 atany dy

. 7.3.43
k 1 cos? y

y:

Equations 7.3.39, 7.3.41 and 7.3.43 enable us to calculate t, x and y as a function of y , and
hence to calculate any one of them in terms of any of the others. In each case a numerical
integration is required, such as by Simpson’s rule or by Gaussian quadrature, or other
integration algorithm, and, as is always the case, sufficient points must be sampled to obtain
adequate precison. Numerical integration of these equations, using the data of Dario
Bruno’'s example above, produced the same X: y trgjectory as calculated for figure VI11.3 by
Bruno, and the x : t and y : t relations shown in figure V1I.4.

| am greatly indebted to Dario Bruni and to Ambrose Okune for their interesting and
instructive contributions to this section — an inspirational example of international scientific
cooperation between, Italy, Uganda and Canadal
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